A t-tautology (triangular tautology) is a propositional formula which is a tautology in all fuzzy logics de ned by continuous triangular norms. In this paper we show that the problem of recognizing t-tautologies is coNP complete, and thus decidable.
Introduction
Triangular Logics. A triangular logic is a propositional fuzzy logics whose truth functions are de ned by continuous triangular norms (t-norms) 8, 9]; a formal de nition is given in section 2. Triangular logics have attracted a lot of research in recent years, since on the one hand they retain an appealing theory akin to the theory of Boolean algebras in classical logic, while on the other hand they subsume major fuzzy formalisms such as Lukasiewicz logic L, Product logic , and G odel logic G. In turn, every continuous t-norm can be represented as the ordinal sum of the Lukasiewicz, Product and G odel t- norms 7] . The tautologies of L, , and G are coNP complete, and thus not harder than the classical propositional tautologies. For background on triangular logics consult 5].
In 5], an axiom system called BL (Basic Logic) was presented which can be easily extended to axiom systems for L, , and G. Another extension of BL involving two quite complicated extra axioms was shown to axiomatize the ttautologies 4], i.e., the set of fuzzy propositional formulae which are tautologies in all triangular logics. It was conjectured by H ajek that BL axiomatizes the The truth functions of triangular logics are de ned from a continuous triangular norm, i.e., a continuous two-place function t de ned on 0; 1] which satis es the following axioms: T1 t(0; x) = 0 and t(1; x) = x T3 t(x; y) = t(y; x) T2 x u and y z =) t(x; y) t(u; z) T4 t(t(x; y); z) = t(x; t(y; z)) Note that continuity is not expressed by the axioms.
In triangular logics, a t-norm t de nes the truth function of conjunction (&); implication ()) then is de ned by the right adjunct of t, i.e., by the unique truth function i such that I1 z i(x; y) i t(x; z) y Since t is continuous, it follows that i(x; y) = maxfzjt(x; z) yg. Negation (:) is de ned by i(x; 0).
De nition Let t be a continuous t-norm. The t-algebra generated by t is the algebra F t = ( 0; 1]; t; i; 0; 1); where 0; 1] is the real unit interval. Given a t-algebra F, t F denotes its continuous t-norm. 2 Remark. We do not distinguish between the truth functions and the syntactical connectives of triangular logics, i.e., we treat fuzzy formulas as polynomials in the t-algebra, and use t and & as pre x and in x notation of the same operation.
Triangular logics comprise Lukasiewicz, G odel, and Product Logic as special cases; the truth functions of these logics are summarized in gure 1. The corresponding t-algebras are denoted by L;P;G. De nition Let We caim that is a L tautology i is a t-tautology. ) If is not a t tautology, then by Theorem 1 it is not a n L tautology for some n. Let e be an evaluation on n L such that e( ) 6 = 1. Let L 1 be the rst component of n L, with its top element replaced by 1. Let e (x i ) = e(:x i ).
Since for a = 2 L 1 :a = 0, e is an evaluation on L 1 . Moreover, by induction we see that for every formula , e ( ) = e( ). Thus e ( ) 6 = 1.
Membership: We outline an NP algorithm which for a formula ' decides if it is in the complement of t-TAUT.
By Lemma 1, it su ces to nd as a counterexample a t-norm s of the form n t L for some n: The following nondeterministic algorithm successively guesses more and more information about s. (1), (2) together with 0 = y i1 < : : : < y im = 1 is satisfable in the standard algebra L:
This can be e ectively reduced to the solvability of a MIP-problem by the method of H ahnle (cf. 5] 6.2.19{20). To reduce our system of equations and strict inequalities to a system of at most one strict inequality and many non-strict inequalities, add a new variable q; postulate q < 1 and for each j < k replace y ij < y ik by (y ik ) y ij ) q: Since these reductions amount to positive calls of an NP oracle, the computation remains in NP. Clearly, ' is not a t-tautology i there is a quess in (1), (3) above for which all checks are positive. Thus the set of all non-t-tautologies is in NP. This completes the proof.
Further Results
Projections. The projection operators 1] are de ned by 4x = bxc and 5x = dxe. The 4 operator is very powerful because it allows to formulate quanti er free statements about the t-algebra within the fuzzy logic. Fact 1 The crisp formulas of a logic with 4 and t-norm t can be identi ed with the quanti er free fragment of rst order logic over the t-algebra F t . Thus, if a t-algebra has quanti er elimination, then all rst order properties are expressible in the corresponding triangular logic with 4.
It is easy to see that the proof method of Theorem 3 goes through if we allow 4 and 5 in the language. Theorem 4 t-tautologies with projection operators are co-NP complete.
By Fact 1 we conclude that this result extends to the universal theory of the variety of t-algebras:
Corollary 1 The universal rst order theory of t-algebras is coNP complete. Remark
The intuitive counterpart of t-tautologies are t-satis able formulas, i.e. formulas satis able in each triangular logic. If is easy to see that since G-satis able formulas coincide with Boolean satis able formulas (see 5]), t-satis ability coincides with Boolean satis ability and therefore is NP-complete.
